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Introduction

The two-parameter quantum deformations algebras
based on the Fock representation for the two
parameters deformed quantum oscillator algebra
obtained in (Riahi et al., 2020a) and its connection with
the Meixner classes given in a series of papers
(Berezansky, 1968; Berezansky and Kondratiev, 2013;
Barhoumi and Riahi, 2010) which found a lot of
interesting applications in quantum probability. The Hopf
algebraic structure problem stated below has led, in the
past 30 years, to a multiplicity of new results in different
fields of mathematics and physics. The theory of multi-
parameter quantum deformations of Lie algebras (Hu,
1999; Riahi et al., 2021), Lie bialgebras (Song and Su,
2006; Yue and Su, 2008), and quantization of Lie algebras
(Chakrabarti and Jagannathan, 1991; Song et al., 2008; Su
and Yuan, 2010) play an essential role in the quantum
white noise literature.

More precisely, the Fock representation of two
parameters deformed commutation relation was first studied
by (Riahi et al., 2021) by constructing an interacting Fock

space Fpq(H) as the space of representation.

(p,q)-Deformed Square Heizenberg
White Noise Algebra

For p,g € R such that 0 < g < p < 1, the (p,q)-
Heizenberg algebra Hpq is generated by Y, Y*and N
satisfying the following relations:

[Y,Y*]q =YY —qY'Y = p”,[Y,Y*]p =q"

[N,Y]=NY=YN==1[N, Y ]=NY" =Y'N=_"Y"=Y"
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where for o € R the action of &N on an element f,with n €

N is given by:

The first example is the one-mode realization of 74 .
If we put:

where, M; is the multiplication operator by z € C, in the

space of all finite linear combinations of f,=z™and Dy 4is
the (p,q)-derivative defined by:

f(pz)-f(az)
(p-a)z
£/(0),if z=0.

, ifz#0

(Dp‘qf)(z)::

Then the action of the generators on the basis vector f,
is obtained as follows:

Yf, =[n]  foh YU, =fo. Nf =nf,

n+1? n n

where, [n]pqis the two parameters deformation of n € N, i.e.:

e i
n] = B R
[ ]p'q ;q P p-q

As a conseguence, we get:
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.:DPVQ'MZ:L f” = pnf"’[Dp‘Q’MZ}p fn :qnfn'
[N.D, ], =-D,,f, [N.M,]f, =M,f,,

p.q 'n?
and we conclude that the algebra generated by {1, Dy,
Mz, N} gives a representation of H, 4. The second example
is the infinite-dimensional analog representation. Define
the operator Tpqon H ®"by:

%,q (él ®'“®§n): Z ql(”)pc’(”)é(r(l) ®'“®§o-(n)Y

oeS,

where, 1(s) and C(o) denotes respectively the number of
inversions and conversions of the permutation o € S.
Now we put:

& ® - ®,, & =T, (& ®®&), & eHielln}.
Definition 2.1
Blitvi’c (2012) Define F."(H):=H"" equipped with
the following scalar product:

<(p("),l//(")> <¢(n)'vl(n)>ﬁ§g('

o (2.1)

= (7, 0" "),

p.q

The (p,q)-Fock space denoted by Fp () is defined as:

For, t € R, let &:and o be the pointwise annihilation

and creation operators on Fpq(H) given by:

ot =[n] f(1) fe0Y
gt =5 &F",

where, J; is the delta function at t and stands for the
symmetric tensor product. For each & € H, we define the
creation operator a*(¢) and the annihilation operator a(¢&)
on Fpq(H) as follows:

a(g)=] &(t)adt, a'(§)=] &(typidt, véen. 2.2)

Proposition 2.2

Riahi et al. (2020b) The algebra generated by {1, a*(§),
a(&), N} give a fock realization of the (p, g)-Heizenberg
algebra, i.e.:

[a(¢).a'(n)], = P" (&)1 Emen 2.3)
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(2.4)

[Na'(©)]=2(¢) [Na@)]=-a(¢)
where, N is the preservation operator, i.e.:

® f =

p.g 'n

®  f

pg 'n°*

Nf, ®,q nf, ®,q

Definition 2.3:

The algebra with generators a(¢), a*(¢), N,¢ € H, and
a central element | with commutation relations (2.3)-(2.4)

is called the (p, q) Heizenberg white noise algebra.
Let Oct be the operator defined by:
8, f°" =nf (t) £,

and put:

For & € H, we define:

B,=[£(t)Bdt, B =[&(t)Bidt, N, =[&(t)N,dt (2.5)
It is known from (Accardi et al., 1999) that:

5% (t)=cs(t), (2.6)

where, ¢ € C is an arbitrary constant.

Theorem 2.4

Riahi et al. (2021) The operators B,,B, and N satisfy
the following commutations relations:

[B..8;], =2c(&m) L+ (2+a+p™ [N, ] . @2.7)
[B..8;], = 2c<§,77>.1+(2+ p+q' )[N@}M, (2.8)
[N,.B]=28, [N,,B,]=-28B,, (2.9)
[N..N,]=[B..B,]=[B.B;|=0&nen. (2.10)

Remark 2.5

One can see that if p =1 and q — 1, the commutation
relations (2.7) - (2.10) become:

[B..B;]=2c(&n).1+4N,,
[B..B;]=2c(&n)1+4N,,,
[N..B;]=28,, [N,B, ]=-2B,
[N..N,]=[B.B,|=[B:B;]=0.
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This shows that the (p,g)-square white noise algebra gives
the square white noise Lie algebrawhenp=1andq — 1.

Definition 2.6

The algebra with generators B,,B),N,,éeH® and a

central element 1 with commutation relations (2.7)—(2.10)
is called the (p, g)-square Heizenberg white noise algebra

denoted by Sl 4(H).

Hopf Structure of the (p,q)-Square
Heizenberg White Noise Algebra

Lemma 3.1
Let ¥, W2, W3 and ¥, be four non-zero continuous
functions satisfying the following conditions:
Y, =1 P,¥, =1
¥, (n+1)¥,(m)=q¥,(n)¥,(m-2) Vnmel,
¥, (n)¥;(m+1)=q¥,(n-2)¥,(m) Vnmel,

(3.1)

and for any non-zero continuous function f, define
A(f(N)) by:

A(F(N))=f(N)®1+1& f(N). 3.2)
Then there exists a unique homomorphism:
A:Sly, g (H) =Sy (H) xSk (H)
with:
A(N)=N&®1+1®N, (3.3)
A(B;)=B; ®¥,(N)+¥,(N)®B;, (3.4)
A(B,)=B.®¥(N)+¥,(N)®B,. (3.5)

Proof

By direct calculations we have:

A(B,)A(B;)=(B, ®W,(N)+¥,(N)®B,)
(N)®8;)

POV, (N)Y, (N)+B,W,(N)®¥,(N)B;
+ ¥, (N)B; ®B.¥(N)+¥,(N)& (N)®B.B;.

and:

67

A(B;)A(B;)=(B; ® ¥, (N)+¥,(N)®B;)

(B.®W,(N)+w,(N)®B,)

=B'B. ®¥, (N)¥,(N)+B¥,(N)®¥ (N)BE

+ ¥,(N)B. ®B¥,(N)+¥,(N)¥,(N)®B;B,
Then by using (2.7) we obtain:

(B:)A(B;)-aa(B;)A(B; )

(20<r§f7 )} (2+a+ pY)N,, ], W, (N) ¥ (N)
(i

(Be

A

+(¥,(N)B: ®B‘I’( )-aB;¥,(N)® ¥, (N)B,)

s ( (N)B;
" Z(N)‘{’4(N) (2c<§n>1+(2+q+pN N, )

+ . —q¥, (N)B, ® B (N))

Moreover, using a basis (i)« of H, (2.5) and (2.6) give:

= ®g”"
[n]pq[n l]p q<éz gk> O

Hence we obtain:

Brc."
ng k

(¥,(N)B; ®B, W, (N)-qB¥,(N)®W, (N)B, )" ® "
= W, (N)(cn &)@ W, (m)B.g"

- (B &, (N)([m], [m-1], , (£.67)6" )
= (¥, (n+1)¥,(m)-q¥,(n)¥, (m-2))

xe[m], [m-1], (&ct)n®cf &

= 0.

and:
(B,¥,(N)®W,(N)B; —q¥,(N)B, ®BW,(N))¢" ¢
=W,(n)B.&7" @ W, (N)(cn®¢m)

%, (N)([n], ,[m-1],, <§,§k2>§f"“‘2))®\Ps(m)B;gfm
=(w;(m+1)¥,(n)-q¥,(m)¥,(n-2))

xefn], [n-1],, (6.¢0)7" 7 @@
=0

Hence, using (3.1) we get:
A(B.)A(B;)-aA(B;)A(B,)
_ (2c<§ n)1+(2+q+p" )N, ]
st se(erar s, .

= A(20<§v’7>-1+(2+ q-+ pNgq)[Nﬁ"]M)'

)®1
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and by similar calculations we obtain:
[A(N),A(B;)]=A(28;), [A(N).A(B,)]=

Which gives the statement.

-A(28B,).

Lemma 3.2

If ¥1=W¥;,and W3= ¥4, then A is associative, i.e.:

Proof
By using (3.4), we get:

(1&4)a(B;)=(1&4)(B; &, (N ) ,(N)®B;)
=B, ®A(¥,(N))+¥,(N)®A(B;)
=B, ®(¥,(N)®1+1& ¥, (N))
+¥,(N)®(B; ® W, (N)+¥,(N)&B;)
=B ®¥,(N)®1+B ®1&® (N)
+¥;(N)®B W, (N)+¥,(N)& W, (N)©B;

Thus, using a basis ()« of H, we obtain:

(10A)A(B)) ¢ OGTm B¢ =cn O G O W, (M) ® ¢
+n @G RGO, (5)¢¢
+2,(N)¢m O LT O, ()4
+¥, (N ®F, (M) ®cn ® &

and:

(A ®1)A(B;)g®” ®LmMBET =W, ()" ®ecn@EI" O W, ()¢
+¥, (N)¢E" O, (M) ®enp® &
+en® T W, (M)gem @ ¢
+n®LI OO, ()¢

Hence, if ¥1 = ¥,, we conclude that:
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and:

Which completes the proof.
Lemma 3.3

There exist a unique homomorphism:
£:8l,,,(H)—>0
with:
e(1)=1and £(N)=¢(B,)=#(B:)=0,
such that the following diagrams are commutative:

2 pq(H)—>S iq(H)

did li®e (3.6)
SIZ, p.g (H)—>S|2®i q (H)
Sl, .4 (H)—81,% 4 (H)
did le®l 3.7)
SIZ, ] (H)—>S|2®i q (H)

where, m; (resp. m2) denotes the isomorphismu7 - u @
1 (resp.u7— 1 @ u).

Proof

It is clair that (e(1),e(N),e(Bs),e(B,?)) = (1,0,0,0)
satisfies (2.7)- (2.10). So we have the algebraic
homomorphism ¢. Moreover, the commutativity of (3.6)
and (3.7) can be easily verified.

Lemma 3.4

If ¥1%W3=1 and W,¥4 = 1, then there exists a unique

linear map S of Sl p(H) such that:
S(B;):_Tz(N)B;qjs(N)'
5(B;)= -, (N)B. %, (N),

S(N)=-N,S(1)=1,8(f(N))=

(3.8)
f(N),
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where, f is a continuous non-zero arbitrary function.
Proof
Using (2.3), we get:

s(B;)s(B,’)-as(B,’)s(8:)
= (¥ (N)B.Y ( NP, (N)B, W4 (N))
—Q(_q’ (N) N))( \Pl( B\PA(N))

=W, (N)BEBy* W, (N)—q¥,(N)By=B,¥,(N).
Moreover, it is easy to see that:

¥, (N)B.B,¥;(N)-q¥,(N)B,B¥,(N),

and 2¢ (& #).1 + (2 + q + pN)[Ng]p.q coincide on the basis
(&)« of H. Hence we conclude that:

S(Bé)S(B;)—qS(B;)S(B,:)
=S ((2c<§,77>.1+(2+ q+ p“i")[Nf,,J p,q)),
this proves that S preserves (2.7). similarly, we can easily

verify that (2.8) (2.10) are also preserved by S. Thus there
exist a homomorphism satisfying (3.8):

Si8hp, (H)— SL b (M)

Lemma 3.5

The following diagrams are commutative:

Slzyp,q(H)—>S|2®fn q(H)
{ coe 11®s
Hp,qL)Slfiq(H)

Sl ,q(H)—2>815%  (H)
looe  11®S

SIZ,M (H)—)SI% q (H)

(3.9)

where:

m(u®v)=uv vVu,vesl,, (H),
and o: ¢ — Sl p4(H) such that:
o(a)=al

Proof
Using (3.3), (3.4), and (3.5) we get:

mo(S®1)0A(B;):m0(S®1)(
=mo(S(B;)®W, (N)+S(¥,
=mo(-,(N)A"W,(N)& ¥

~¥,(N)B, +'¥,(N)B,
:Ozoog(Bi).

Similarly, we have:
mo(1®$)oA(E)=co0s(X), E=N,BB,I,

and (3.9) is established.
Theorem 3.6

Suppose that ¥, ¥, ¥3 and ¥ satisfy the following
conditions:

VY, =1V,¥, =1,

Y, =¥,Y¥, =Y,

¥, (n+1)¥, (m)=q¥,(n)¥,(m-2) vnmel.
Then, (sl,,,(*).A,¢,5) is a Hopf algebra.

Proof

So by collecting Lemmas 3.1-3.5 we obtain:

(281)o
(¢ &1)or
mo(s &

0A=(1® A)oA(coassociativity)
(l@ g)oA id (counitary)

)oA = mo(1® S)oA =00¢.

Hence we conclude that (sl ,,(*).A,,S)is a Hop f
algebra.



Anis Riahi / Journal of Mathematics and Statistics 2022, Volume 18: 65.70
DOI: 10.3844/jmssp.2022.65.70

Ethics

This article is original and contains unpublished
material. The corresponding author confirms that all of the
other authors have read and approved the manuscript and
that no ethical issues are involved.

References

Accardi, L., Lu, Y. G., & Volovich, I. V. (1999). White
noise approach to classical and quantum stochastic
calculi. Lecture Notes of the Volterra International
School of the same title, Trento, Italy.

Barhoumi, A., & Riahi, A. (2010). Nuclear Realization of
Virasoro—Zamolodchikov-woox-Lie Algebras
Through the Renormalized Higher Powers of
Quantum Meixner White Noise. Open Systems and
Information Dynamics, 17(02), 135-160.
https://www.worldscientific.com/doi/abs/10.1142/S
1230161210000102

Berezansky, Y. M. (1968). Expansions in eigenfunctions
of self-adjoint operators/Amer. Math. Soc.

Berezansky, Y. M., & Kondratiev, Y. G. (2013). Spectral
methods in infinite-dimensional analysis (Vol. 12).
Springer Science and Business Media.

Blitvi’c, N. (2012). The (q,t)-Gaussian process, Journal of
Functional Analysis 263 (2012), pp. 3270-3305.
Chakrabarti, R., & Jagannathan, R. (1991). A (p, q)-
oscillator realization of two-parameter quantum
algebras. Journal of Physics A: Mathematical and

General, 24(13), L711.
https://iopscience.iop.org/article/10.1088/0305-
4470/24/13/002/meta

70

Hu, N. (1999). g-Witt algebras, g-Virasoro algebra, g-Lie
algebras, g-holomorph structure and representations,
Algebra Colloquium, 6(1) (1999), pp. 5170.

Riahi, A., Alhussain, Z. A., & Rebei, H. (2020a). Hopf
structure for a Fock realization of the (p, g)-deformed
white noise Heizenberg algebra. Iranian Journal of
Science and Technology, Transactions A: Science,
44(6), 1753-1760.

Riahi, A., Ettaieb, A., Chammam, W., & Alhussain, Z. A.
(2020b). An Analytic Characterization of White
Noise Functionals. Journal of Mathematics, 2020.

Riahi, A., Ettaieb, A., & Chammam, W. (2021). Wick
Symbol Transform with Its Application to the (p, g)-
Square Oscillator White Noise Algebra. Iranian
Journal of Science and Technology, Transactions A:
Science, 45(5), 1789-1797.

Song, G. A., & Su, Y. (2006). Lie bialgebras of generalized
Witt type. Science in China Series A, 49(4), 533-544.
https://link.springer.com/article/10.1007/s11425-006-
0533-7

Song, G. A, Su, Y., & Wu, Y. (2008). Quantization of
generalized Virasoro-like algebras. Linear algebra
and its applications, 428(11-12), 2888-2899.

Su, Y., & Yuan, L. (2010). Quantization of Schrédinger-
Virasoro Lie algebra. Frontiers of Mathematics in
China, 5(4), 701-715.
https://link.springer.com/article/10.1007/s11464-
010-0072-y

Yue, X., & Su, Y. (2008). Lie bialgebra structures on Lie
algebras of generalized Weyl type. Communications
in Algebra®, 36(4), 1537-1549.



